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Instructions for Candidates

1. Write your Roll No. on the{@p immediately on recelpt
of this question pape%g\\

All the questions Q% compulsory

()

Q
Attempt any tw% parts from each question.

(98]

4. Marks of each part are indicated

1. (a) (i) Prove that If F is a field, then F[x] is a

Principal Ideal Domain.
(ii) Is Z[x], a Principal Ideal Domain? Justify
your answer.
(b) Prove that <x? + 1> is not a maximal ideal in
Z[x].
| P.T.0.
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(¢) State and prove the reducibility test for polynomials
of degree 2 or 3. Does it fail in‘highcr order

polynomials? Justify. (4+2,6,6)

(@) (1) State and prove Gauss’s Lemma.

(1) Is every irreducible polyriomial over 7Z

primitive? Justify.

(b) Construct a field of order 25.

(¢) In Z[J(=5) ], prove that 1+3,f(=5) is ifreducible

but not prime. (4+2.5,6.5,6.5)

| ,
(a) Let V = R? and define f,, f,,.f; € V" as follows:

f,(x, Y z) = X {Q@Zy,
f,(x,y,2) =§®\F Yz,
f,(x,y, g&@y = V2

Prove@xat &) fz‘, f,} is a basis fé_r V* and then
find a basis for V for which it is the dual basis.

(b) Test the-linear operator T: P,(R) — P,(R), T(f(x))
= f(0) + f(1)(x + x?) for diagonalizability and 1t
diagonalizable, find a basis B for V such that [T];

is a diagonal matrix.

4\ | o
(c) Let A =(; 3)6 M,,, (R). Find an expression for

A" where n is an arbitrary natural number.
(6,676)
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4. (a) For a linear operator T: R’ - R3 T(a, b, ¢) =
(-b+c,a+te, 3c), determme the T-cyclic subspace
W of R? generated by e, = (1,0, 0). Also find the
characteristic polynomlai of the operator TW.

(b) State Cayley-Hamilton theorem and verify it for
the linean operator T:P,(R) — P,(R), T(f(x)) =
f'(x). N |

(c) Show that the vector space R“ =W, & W, & W,
where W, —{(abOO) a, b € R), W, = {(0,0,
cO)ceR}andW {(0,0,0,d):"d € R}.-

(6.5,6.5,6.5)
5. (a) Consider the vector space.C over R with an inner
- product <,,.>. Let Z denote theAc‘onjugate of z.

Show that g\% defined by <z, w>'=<7z,w> for
all z, \\Q‘@C is also an inner product on C. Is

- %@%eﬁned by <z, w>"=<z + Z,w + %> for all
z, w € C an inner product on C? Justify your

answer.

(b) Let V = P(R) with the inner product <p(x), q(x)>

= J’jlp(t)q(t)dt Vp(x), q(x) € V. Compute the

-orthogonal projection of the vector p(x) = x2*-! op
P,(R), where k € N.

| ‘ P.T.O.
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~ (¢) (i) For the inner product space V = P,(R) with
l
<f, g> = _L f(t)g(t)dt and the lincar operator

T onV defined by T(f) = f' + 3f, compute
T (4 - 2t).

(ii) For the standard jnner product space V = R’
and a linear transformation g: V= R given
by g(a,a,,a;) =a, — — 2a, + 4a,, find a vector
y € V such that g(x) =<x, y> for all x € V.

(6,6,2+4)

/

6. (a) Prove that a normal opera}or Tvon a finite-

dimensional complex inner product space V yields

an orthonormal basisi for V consisting of
eigenvectors @f T. Justify the validity of the-
conclusxo@@‘\?thls result if V is.a finite-dimensional

real i g&r product space.

(b) Let V =M,,,(R) and T: 'V = V be a linear
operator-given by T(A) = AT. Determine whe{her
T is“normal, sclf'-adjoint,_' or neither. If possible,

produce an orthonormal basis of eigenvectors of

T for V and list the corresponding eigenvalues.

2 1 1
(¢) For the matrix A=|1 2 1| find an orthogonal
1 1 2

matrix P and a diagonal matrix D such that

P'AP = D. = (6.5,6.5,6.5)

| (1000
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